A solution generating technique is developed for D = 5 minimal supergravity with two commuting Killing vectors based on the G2 U-duality arising in the reduction of the theory to three dimensions. The target space of the corresponding 3-dimensional sigma-model is the coset G 2(2) /(SL(2, R) × SL(2, R)). Its isometries constitute the set of solution generating symmetries. These include two electric and two magnetic Harrison transformations with the corresponding two pairs of gauge transformations, three SL(2, R) S-duality transformations, and the three gravitational scale, gauge and Ehlers transformations (altogether 14). We construct a representation of the coset in terms of 7 × 7 matrices realizing the automorphisms of split octonions. Generating a new solution amounts to transforming the coset matrices by one-parametric subgroups of G 2(2) and subsequently solving the dualization equations. Using this formalism we derive a new charged black ring solution with two independent parameters of rotation.
the Lorentzian signature of the 3-space, or G 2(2) /(SL(2, R) × SL(2, R)) in the Euclidean case. Some further aspects of these symmetries were discussed in [8] , their infinite-dimensional extension upon reduction to two and one dimensions was also explored [18] .
Here we investigate the G 2(2) /(SL(2, R)×SL(2, R)) sigma model in the context of the solution generating technique which has proved to be extremely useful in various non-linear theories from pure gravity, Einstein-Maxwell theory [19, 20, 21, 22, 23] and dilatonic gravity [24, 25, 26, 27, 28, 29, 30 ] to more general supergravity models [31, 32, 33] and string theory [34] . Some partial use of hidden symmetries of this kind to generate new rotating rings recently became a rapidly developing industry. One direction was to use the SL(2, R) subgroup of the U-duality group [35, 36] . Another line was related to the purely gravitational sector (without the Maxwell field) which leads to SL(3, R) Uduality in three dimensions [20, 37, 38] . Further reduction to two dimensions gives rise to a Belinsky-Zakharov type integrable model which was extensively used to construct soliton solutions [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49] . However, the full G 2 symmetry was never used for generating purposes for lack of a convenient representation of the coset G 2(2) /(SL(2, R) × SL(2, R)) in terms of the target space variables. Although the 14-dimensional (adjoint) representation was given explicitly in [7] , it is still too complicated for practical generating applications. Here we construct a suitable representation in terms of 7 × 7 matrices and give two examples of its application: a sigma-model construction of the electrically charged rotating black hole and the generation of a non-BPS doubly rotating charged black ring from the black ring with two angular momenta of [47] .
Five-dimensional minimal supergravity contains a graviton, two N = 2 symplectic-Majorana gravitini (equivalent to a single Dirac gravitino), and one U (1) gauge field. The bosonic part of the Lagrangian is very similar to that of D = 11 supergravity, being endowed with a Chern-Simons term [3, 4] :
whereF = dÂ. This theory can be obtained as a suitably truncated Calabi-Yau compactification of D = 11 supergravity [50] . Our purpose is to construct a generating technique for classical solutions with two commuting Killing symmetries. Dimensional reduction leads to a three-dimensional sigma-model possessing a G 2(2) target space symmetry [7] . To explore it fully we need a convenient representation of the action of symmetries on the target space variables. We give here an alternative derivation of the three-dimensional sigma-model which has the advantage of being more explicit and easy to use for solution generation. The reduction is performed in Sect. 2 in two steps, first to four, then to three dimensions. In Sect. 3 we reveal the symmetries of the three-dimensional sigma-model using a direct (computer assisted) solution of the corresponding Killing equations 1 . The resulting symmetry transformations are identified in the usual terms of gauge, S-duality and Harrison-Ehlers sectors. Then we reformulate in Sect. 4 the problem in terms of a covariant (with respect to the two-Killing plane) reduction which is more suitable for constructing the matrix representation, and give the coset matrix representative as a symmetrical 7 × 7 matrix. In Sect. 5 we identify the charging transformation, and apply it to the construction of the doubly rotating charged black ring.
II. DIMENSIONAL REDUCTION

A. D=4
Assuming that the five-dimensional metric and the Maxwell fieldÂ do not depend on a space-like coordinate z, we arrive at the four-dimensional Einstein theory with two Maxwell fields, a dilaton and an axion. We parametrize the five-dimensional interval and the Maxwell one-form as
(µ = 1 . . . 4). The corresponding four-dimensional action reads
where
and F * is the four-dimensional Hodge dual of F . The dilaton φ and the axion κ parametrize the coset SL(2, R)/U (1). To reveal the SL(2, R) S-duality symmetry in the sector of vector fields (A is inherited from 5D theory, C is the Kaluza-Klein vector) one has to reparametrize them using some dualization [8] . We will reveal S-duality later on the level of the further 3D reduction.
The field equations in terms of the four-dimensional variables read
∇ µ e −φF µν + 2κF * µν
and the Bianchi identities are
It is convenient to introduce the modified Maxwell tensors
in terms of which the Maxwell equations have the divergence form
B. D=3
Further reduction to D = 3 is performed with respect to time, assuming the standard parametrization of the stationary four-metric
The spatial part of the Bianchi identities (10) is solved introducing the electric potentials C 0 =v 1 , A 0 =v 2 , so that
Similarly, the spatial components of the Maxwell equations (13) are solved by introducing magnetic potentialsū 1 ,ū 2 :
The time components of the corresponding equations then give the second order equations for these potentials. Straightforwardly we can find (with the convention ǫ ijk = −ǫ 0ijk )
The remaining components of the Maxwell tensors are obtained using the following relations valid for any second rank four-dimensional antisymmetric tensor W µν with the assumed form of the metric (14) :
Using this we find:
and for the squared quantities:
i . Now we turn to the Einstein equations:
The Ricci tensor decomposes as follows
The 0i-part of (26) can be solved introducing the twist potential χ via
Using this relation, we can rewrite the 00-component of the Einstein equations as
and present the space-space part as
From the Eq. (28) we then find that the Ricci tensor built on the three-dimensional metric h ij will satisfy the following three-dimensional Einstein equation
These equations derive from the action
describing the three-dimensional gravity coupled sigma model with eight scalar fields Φ A = {f, χ, φ, κ,v 1 ,v 2 ,ū 1 ,ū 2 } and the target space metric G AB which will be given shortly. It can be checked that the field equations for these quantities are equivalent to the equations resulting from variation of this action over the Φ A . In terms of the slightly rearranged potentials
the equation for the twist potential χ will simplify to
The other variables will read
Finally, denoting ξ = ln f and shifting the twist potential
we can present the metric of the space of potentials
The target space is an eight-dimensional space with signature (+ + + + − − −−) similar to that of four-dimensional dilaton-axion gravity with two Maxwell fields [29] . In the latter case it was identified as the SU (2, 2)/S(U (2) × U (2)) coset space possessing a 15-dimensional isometry group and a 7-dimensional isotropy subgroup. In our case the symmetry group is G 2(2) [7, 13] . In what follows we present an independent computer-assisted way to reveal the geometric structure of the space (40).
III. ISOMETRIES OF THE TARGET SPACE
We used MAPLE to calculate the Riemann tensor of the target space and to check that all its covariant derivatives vanish, indicating that it is a symmetric space. The set of Killing vectors was identified using the CRACK code on REDUCE [52] to solve the Killing equations for the metric (40)
The code gives 14 Killing vectors X M (we use M, N . . . = 1, . . . , 14 for numbering the Killing vectors and A, B . . . = 1, . . . , 8 to denote the target space coordinates) from which the first 9 are relatively simple:
The remaining five are complicated in terms of the chosen coordinates, we will present them in an alternative form later on. The first eight Killing vectors span a Borel subalgebra, they are used below to construct a matrix representation of the coset. Already the number 14 of generators and the signature of the target space indicate that one deals with the real non-compact form G 2(2) of the exceptional group G 2 . The same code provides the following list of commutation relations:
The Killing metric constructed with the structure constants gives the following set of non-zero scalar products
The Cartan subalgebra of G 2 is spanned by X 6 , X 7 , the basis orthogonal with respect to the metric (43) can be chosen as
The remaining generators can be put in the Cartan-Weyl form
where i = 1, 2 and the roots α ±a , a = 1, . . . , 6 are (with H 1 corresponding to the abscissa and H 2 to the ordinate)
. The simple roots are α = α 1 and β = α 2 , the remaining ones can be obtained as follows:
The E α can be identified in terms of the X M as follows
The following structure constants are non-zero up to the standard symmetries:
The symmetry of the root diagram under reflection implies the existence of a target space coordinate transformation
In terms of the tilded variables the remaining 5 Killing vectors can be written as (non-normalized)
The target space isometries generated by the above Killing vectors can be classified as gauge, scale, S-duality and Harrison-Ehlers transformations. The first, generated by X 1 , is the gravitational gauge transformation consisting in the shift of the twist potential:
where λ 1 is the parameter. The next two, generated by X 2 , X 3 , are magnetic gauge transformations shifting the magnetic potentials u 1 (corresponding to the Kaluza-Klein vector field) and u 2 (corresponding to the 5D Maxwell field):
The Killing vectors X 4 , X 5 generate two electric gauge transformations:
From the sector X 6 , X 7 , one can separate the scale transformation generated by
The second independent element of the Cartan subalgebra
together with
form the SL(2, R) S-duality algebra
The corresponding finite transformations consist of the scaling
the axidilaton shift
and the shift of the inverted axidilaton
The remaining generators X 10 , X 11 , X 12 , X 13 , X 14 , form the Ehlers-Harrison sector. In terms of the tilded quantities (53) the corresponding finite transformations are found straightforwardly. They consist of two magnetic Harrison transformations (X 13 , X 10 ):ũ two electric Harrison transformations (X 11 , X 12 ):
and an Ehlers transformation (X 14 ):
The above classification of the target space isometry transformations is standard in dealing with four-dimensional theories, where they have a particularly simple sense when applied to stationary axisymmetric asymptotically flat configurations: Harrison transformations are interpreted as charging transformations, while the Ehlers transformation is interpreted as generating a NUT parameter. In the five-dimensional setting this is not so. Since one of the two four-dimensional vector fields is Kaluza-Klein, the associated Harrison transformations are no longer charging, one of them (X 11 ) being a five-dimensional gauge transformation. On the other hand, the Ehlers transformation now generates a five-dimensional rotation [53] (note that generation of rotation by sigma-model dualities is not possible at all in four-dimensional theories).
To construct a new solution one has first to identify the target space coordinates in terms of the seed solution, then to apply the above transformations to find new target space variables, and finally to perform inverse dualization to get the metric and the vector potential. However, to apply the most interesting Harrison-Ehlers transformations we need to know an explicit transformation from the initial to the tilded potentials. To find it in a concise form is still an open problem.
An alternative way consists in constructing a matrix representation of the target space. First we have to reveal the nature of the isotropy group H ∈ G = G 2 (2) . This can be done as follows. One looks for a representative of the coset N (Φ)
Infinitesimally this reads
where X M , M = 1, . . . , 14 are Killing vectors acting as differential operators, x M are the corresponding matrices of the g 2(2) algebra, y α , α = 1, . . . , 6 are generators of the isotropy subalgebra H and q α M (Φ) are "compensating" functions. Consider the 7 × 7 matrix representation of g 2(2) as Z-matrix (6.2) in [54] with omitted "i" to get the non-compact real form of the g 2 algebra. It is easy to find matrices x M corresponding to the differential operators X M . Solving the Eqs.(68) for the Borel subalgebra M = 1, . . . , 8 with the assumption that for these values of M the functions q α M (Φ) = 0, one obtains the matrix N (Φ). Then applying (68) for M = 9, . . . , 14 we find q α M (Φ) together with the corresponding y α . This calculation, requiring the explicit form of the "complicated" generators X M , was performed using MAPLE. The resulting isotropy subalgebra H turns out to be spanned by
which form sl(2, R) × sl(2, R).
Using the matrix N (Φ) one can then pass to the gauge-independent matrix
where η is some constant matrix invariant under H transformations
such that the target space metric reads
The matrix M by construction will be invariant under the local action of H. Before giving its explicit form we would like to go over to a more concise notation using the 2-dimensional covariance of our construction with respect to the reduced dimensions t, z.
IV. 2D-COVARIANT REPRESENTATION
The covariant parametrisation for dimensional reduction of five-dimensional minimal supergravity with two commuting isometries is [7, 20] 
(a, b = 0, 1, z 0 = t, z 1 = z ; i, j = 1, 2, 3), where τ ≡ − det λ. This is related to our previous parametrisation arising from the two-step reduction (2), (14) by
, a
Dualization of F ij ≡ ∂ i A j − ∂ j A i gives the scalar µ via
This is related to previous quantities by µ = (
which is expressed as
In this notation the target space metric (40) reads:
(with ǫ 01 = 1), where the vector-valued one-form V a is
The three coordinates µ and ω a are cyclic. The first eight ("simple") Killing vectors X 1 , . . . , X 8 together with X 11 can be regrouped covariantly as follows. The mixed tensor
generates linear transformations in the (t, z) plane obeying the gl(2,R) subalgebra,
Three mutually commuting operators are associated with the three cyclic "magnetic" coordinates:
Their commutation relations are
A doublet operator associated with gauge transformations of the ψ a reads:
The corresponding commutation relations are
The correspondence with the previous operators is as follows:
Two more vectors L a :
Their commutation with Q gives another doublet:
Finally the algebra g 2 (2) is closed with the singlet operator T , such that
which is identified as X 10 = − √ 3T . The remaining commutation relations are
The most convenient way to find a matrix representative of the coset consists in exponentiating the Borel subgroup. In our case this amounts to using the one-parametric subgroups corresponding to generators X 1 , . . . , X 8 , or, in the two-covariant notation, N a , Q, R a and three independent components of M a b . The latter, together with the N a , generate representatives of the vacuum coset SL(3, R)/SL(2, R) [20] which is a submanifold of the full target space. These representatives are of the form
where M 0 is the 7 × 7 matrix
and λ and λ −1 are 2 × 2 blocks. Then the full G 2(2) /(SL(2, R) × SL(2, R)) coset matrix can be constructed as
with ω a , µ, ψ a the target space coordinates and n a , q, r a the 7 × 7 matrices of the g 2(2) algebra given in Appendix A. The computation gives the coset matrix in the symmetrical block form
with
and J is the 2 × 2 matrix
The matrix M solves the equation
are the one-forms dual to the Killing vectors
In the present case,
The action of G 2(2) on the coset matrix is
where C is the exponential of some Lie algebra generator. The strategy to generate a new solution consists in the following steps. First, one must identify the target space coordinates corresponding to the seed solution and form the matrix M (Φ A ) as function of these variables (in the 2-covariant form Φ A = (λ ab , ω a , ψ a , µ). This involves solving the duality equations (74) 
Finally, the metric functions and the vector potential of the new solution must be calculated. This step also involves solving differential equations to dualize back the potentials.
We have tested our formalism by generating the charged rotating black hole solution of five-dimensional supergravity from the Myers-Perry black hole. This is achieved by applying a combination of an electric Harrison (X 12 ) transformation accompanied by the corresponding gauge transformation in order to preserve asymptotic flatness of the solution. The resulting solution can be transformed to the previously known one by some coordinate transformation. This is given in the Appendix B.
V. CHARGED BLACK RING WITH TWO PARAMETERS OF ROTATION
As an example of application of our formalism we derive here the electrically charged version of the rotating black ring with two parameters of rotation constructed by Pomeransky and Senkov using the inverse scattering technique [47] 
where the variables (t, x, y, φ, ψ) vary in the range −∞ < t < +∞, −1 ≤ x ≤ 1, −∞ < y < −1, 0 ≤ (φ, ψ) < 2π, k, ν, λ are parameters, and the rotation one-form is two-component Ω = Ω ψ dψ + Ω φ dφ. Explicitly,
and the functions G, H, J, F are (we use here the original notation of [47] , not to be confused with our fields λ, x, y):
F (x, y) = 2k
Regularity of the black ring implies the inequalities 0 ≤ ν < 1, 2 √ ν ≤ λ < 1 + ν. The mass and angular momenta can be read out from the asymptotic expansion of the metric:
where G N is the Newton constant. This solution is free of conical and Dirac string singularities.
We would like to endow this solution with an electric charge. This may be done by applying our formalism with the reduction along (t, ψ), (t, φ), or t and a linear combination of ψ and φ. We will here consider both choices (t, ψ) and (t, φ), and show that they lead to the same result. The target space potentials corresponding to dimensional reduction with respect to (t, ψ) are
and the reduced three-dimensional metric is
The "hatted" potentialsλ ab ,τ ,â a ψ and three-dimensional metricĥ ij corresponding to dimensional reduction with respect to (t, φ) are obtained from (114) by making the exchange F (x, y) ↔ −F (y, x) and Ω φ ↔ Ω ψ .
To generate the electric potentialv 2 = √ 3ψ 0 one must perform the Harrison transformation generated by P 0 = X 12 / √ 3. It turns out, however, that this transformation alone does not preserve asymptotic flatness of the solution. To fix this, one must add the corresponding gauge transformation R 0 = √ 3X 5 , so that the resulting charging transformation C = P 0 + R 0 = (X 12 + 3X 5 )/ √ 3 belongs to the SL(2, R) × SL(2, R) isotropy subgroup (see Eq. (69)). The corresponding one-parameter subgroup is given by the exponential
where α is a parameter, and c ≡ cosh α, s ≡ sinh α. Applying this transformation to the seed matrix M built from the potentials (114) leads to the transformed matrix
and extracting the transformed potentials we obtain
is common to the two reductions.
The seed potentials ω a orω a are obtained by dualizing the a a φ orâ a ψ via Eq. (75). Inspection of the relations (119) shows that it is not necessary to compute ω 1 , while the computation of ω 0 yields simply
To write down the charged solution, there remains to dualize back the ω 
leading to
for dimensional reduction relative to (t, ψ), and
for dimensional reduction relative to (t, φ). Both dimensional reductions lead to the same final charged black ring metric
This is to be compared with the charged black ring given in [55] , Sect. 4. A difference is that the authors of [55] start with a seed having an extra parameter (dipole charge), which can be fine tuned so that Dirac-Misner strings are absent. Such string singularities arise if the orbits of ∂ ψ 2 do not close off at x = 1. In the present case it is clear that both Ω ′ ψ (1, y) and A ′ ψ (1, y) are proportional to Ω φ (y, 1), which does not vanish, so that string singularities are unavoidable. Specifically,
To eliminate this singularity one can apply a further transformation depending on an extra parameter which can be adjusted to get rid of the Dirac string [56] .
VI. CONCLUSION
In this paper we have presented a new solution-generating technique for D = 5 minimal supergravity based on the hidden symmetry G 2 . This opens the possibility of finding new families of solutions possessing two commuting Killing symmetries. In this case the bosonic equations of motion reduce to those of a three-dimensional gravity coupled sigma-model on a symmetric space. Here we have elaborated in detail the case of one time-like and one space-like Killing vectors, leading to the G 2(2) /(SL(2, R) × SL(2, R)) target space. The case of two space-like symmetries can be dealt with along the same lines, the target space being instead G 2(2) /SO(4) . In four-dimensional theories these two cases are usually interpreted as corresponding to stationary axisymmetric and plane-wave space-times. In five dimensions one has more freedom to choose a pair of two commuting symmetries, so one can use this approach in wider classes of space-times. Moreover, for a similar reason the generating symmetries can be more efficient. For instance, in the four-dimensional case one cannot generate the Kerr metric from the Schwarzschild metric using only sigma-model symmetries. To achieve this, one must proceed to higher level transformations [57] belonging to the Geroch group associated with the infinite extension of the sigma-model symmetries for configurations depending only on two variables. In five dimensions, rotating black holes can be generated from static black holes by using only the sigma-model symmetries [53] .
An interesting application can be expected for black rings in D = 5 minimal supergravity. The most general (pure black ring) solutions obtained so far are three-parametric: the charged black ring with one rotation parameter [55] and the doubly rotating uncharged black ring [47] . It was conjectured that the generic solution of this kind should contain five independent parameters: a mass, an electric charge, a dipole charge, and two angular momenta. To obtain such a solution free of conical and Dirac singularities (if it exists) one should incorporate primarily seven free parameters, with two extra parameters to be fixed by imposing the regularity conditions. One can show that out of the fourteen G 2(2) transformations six preserve the asymptotic behaviour of the black ring. From these six three are gauge, while the other three generate a charge, a dipole moment and an angular momentum. So from the three-parameter unbalanced neutral black ring as given in [2] it is possible in principle to generate a six-parameter solution, which should lead to a four-parameter non-singular black ring [56] . Here we have given only a four-parameter solution (doubly rotating charged black ring) which is plagued by the Dirac string singularity.
An even farther reaching perspective consists in further reducing our sigma model to two dimensions and constructing a Belinski-Zakharov type integrable model or deriving Bäklund transformations. Formally this can be done in the same way as was recently used [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49] in the purely vacuum sector, but the rank of matrices involved is increased from three to seven (though in the block form) which makes the problem technically more difficult.
Starting with the real form of g 2 in the split octonion basis as given in [54] , it is straightforward to find the desired representation for the generators used in the main text. Their generic block decomposition is
where S is a 3 × 3 matrix, U and V are 3-component column matrices, andŨ,Ṽ are the 3 × 3 dual matrices U ij = ǫ ijk U k . The matrices m a b , n a and ℓ a generating SL(3,R) are of type S, the corresponding 3 × 3 blocks being 
The matrices p a and q are of type U , the corresponding 1 × 3 blocks being 
The matrices r a and t are of type V , the corresponding 1 × 3 blocks being 
Note that the transposed matrices j T A are related to the original matrices j A by j
where the involution K has the block structure 
The real matrix representing the coset G 2(2) /(SL(2, R) × SL(2, R)) may be chosen to have the symmetrical block structure
where A and C are symmetrical 3 × 3 matrices, B is a 3 × 3 matrix, U and V are 3-component column matrices, and S is a scalar such that the inverse matrix reads
